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Abstract 


^  An  assignment  (spanning  union  of  node-disjoint  dicycles)  in  a  directed 
graph  ia  called  asymmetric  if  it  contains  at  moat  one  arc  of  each  pair  (i,j), 

(j,i).  We-  describe <>  a  class  of  facets  for  the  asymmetric  assignment  polytope, 

A 

associated  with  certain  odd-length  closed  alternating  trails.  The  inequalities 
defining  these  facets  are  also  facet  defining  for  the  traveling  salesman 
polytope  on  the  same  digraph.  Furthermore,  this  class  of  facets  is  distinct 
from  each  of  the  claaaea  identified  earlier. 
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1.  Introduction 


Lot  0  =  (N»A)  bo  the  complete  digraph  on  n  s  |n|  nodes  with  no  loops  or 
multiple  arcs,  and  with  costa  c(j  for  every  arc  (i,j).  An  assignment  in  G  is  a 
spanning  subgraph  that  is  the  node-disjoint  union  of  directed  cycles,  and  the 
aemignatent  problem  (AP)  is 


1) 

ain  Kcijxtj  :  i,j«M,i*j) 

«.t.  I(x,j  :  jslHi})  =  1 

i  «  N 

(2) 

I(x,j  :  i«M-{j})  *  1 

j  t  N 

(3) 

*  {0,  1} 

i  •  M.  j 

The  assignment  probleai  is  a  frequently  used  relaxation  of  the  traveling 
salesman  problem  (TSP),  which  (on  a  digraph)  asks  for  a  minimum  coat 
directed  Haarilton  cycle.  The  TSP  can  be  stated  as  having  the  objective 
function  (1)  and  a  constraint  set  consisting  of  (2),  (3)  and 

(4)  I(x,j  :  i,j«S.i*j)  <  |s|  -  1,  S  £  N.  2  <  |s|  <  Ln/2J . 

An  asymmetric  assignment  is  one  that  contains  at  most  one  member  of 
every  pair  of  area  (i,j),  (j,i),  i.e.  contains  no  directed  2-cyclea.  The 

asymmetric  aesignamnt  problem  (AAP)  has  the  same  objective  function  (1),  and 
the  constraint  set  (2),  (3)  and 

(5)  x, j  ♦  xj,  1  1  i,  j  •  N,  i  t  j. 

Clearly,  (S)  is  the  subeet  of  (4)  corresponding  to  sets  S  c  N  such  that  |s| 
x  2.  Thus  AAP  is  also  a  relaxation  of  the  TSP,  stronger  (tighter)  than  AP.  In 
fact,  although  AAP  is  closely  related  to  AP,  unlike  the  latter  it  is  NP-complete 
(Garey  and  Johnson  [1900],  Sahni  (1974)).  The  asymmetric  assignment  (AA) 
polytope  P  is  the  convex  hull  of  incidence  vectors  of  asymawtric  assignments, 
Le. 

P  coov  (x  «  {0,  1}'AI  |  x  satisfies  (2),  (5)}. 


An  arc  sat  S  c  A  that  ia  the  subset  of  an  (asymmetric)  assignment  will  be 
called  an  (asymmetric)  partial  aaaignment.  If  (2’)  denotes  the  system  of 
inequalities  obtained  from  (2)  by  replacing  with  H<”,  then  the  incidence 
vectors  of  asymmetric  partial  assignments  (APA’s  for  short)  are  those  0-1 
vectors  satisfying  (2*),  (5).  The  APA  polytopa  is 

P  :=  conv  (x  «  {0,  1}*AI  |  x  satisfies  (2*),  (5)}, 
also  called  the  moootonixatian  of  P. 

The  traveling  salessMui  polytopa  P*  ia  the  convex  hull  of  incidence  vectors 
of  tours  (directed  Hamilton  cycles ),  i.e. 

P*  :s  (x  <  (0fl)lAl  |  x  satisfies  (2),  (4)). 

Finally,  the  moootona  travaling  aa lawman  (MTS)  polytopa  P*  is  the  convex 
hull  of  incidence  vectors  of  partial  tours  (arc  sets  that  are  subsets  of  a 
tour,  i.e. 

P*  {x  «  {0,1} * A  *  I  x  satisfies  (2*),  (4)). 

T hm  polytopy  P,  lik«  P*t  is  sssily  ihd  to  bs  full  diNnsional,  i.e.  die  P 
=  din  P*  *  n(n-l).  As  to  P,  since  it  is  contained  in  the  assignsent  polytope 
and  contains  in  turn  the  traveling  salessuin  polytope,  and  the  dimension  of 
theee  two  is  known  to  be  the  same  (Grdtschel  and  Padberg  [1985]),  namely 
n(n-l)  -  2n  ♦  l,  it  follows  that  dim  P  =  dim  P*  =  n(n-l)  -  2n  +  1. 

In  this  paper  we  describe  some  new  classes  of  facet  inducing  inequalities 
for  the  traveling  saleaamn  polytope  P*  defined  on  a  directed  graph  G.  These 
inequalities  define  facets  of  the  asymmetric  assignment  polytope  P.  They  are 
associated  with  certain  subgraphs  of  G  called  closed  alternating  t~ails,  that 
correspond  to  odd  holes  of  the  intersection  graph  of  the  coefficient 
suitrix  of  the  AAP.  Section  2  introduces  closed  alternating  trails  and 
establishes  their  structural  properties.  Section  3  uses  these  properties  to 
identify  soae  classes  of  facet  inducing  inequalities  for  P  and  P*.  In 


Motion  4  we  prove  that  for  n  sufficiently  large,  these  inequalities  are  also 
facet  inducing  for  P  and  P*.  Finally,  Section  5  discusses  connections  with 
earlier  work. 

2.  Closed  Alternating  Trails,  and  Their  Chords 

Let  G*  =  (V,E)  be  the  intersection  graph  of  the  coefficient  matrix  of  the 
system  (2),  (5)  (or  the  system  (2*),  (5)).  Then  G*  has  a  vertex  for  every  arc 
of  G;  and  two  vertices  of  G*  corresponding,  say,  to  arcs  (p,q)  and  (r,s)  of  G, 
are  joined  by  an  edge  of  G  if  and  only  if  either  p  =  r,  or  q  =  s,  or  p  :  s  and 
q  z  r.  Two  arcs  of  G  will  be  called  & -adjacent  if  the  corresponding  vertices 
of  G*  are  adjacent.  Clearly,  there  is  a  1-1  correspondence  between  APA's  in  G 
and  vertex  packings  (independent  vertex  sets)  in  G*;  and  therefore  the 
APA  polytope  P  defined  on  G  is  identical  to  the  vertex  packing  polyt.ope 
defined  on  G*. 

We  define  an  alternating  trail  in  G  as  a  sequence  of  distinct  arcs 
T  —  (a, ,  ...,  at ) 

such  that  for  k  :  1,  ...,  t  -  1,  ak  and  ak+,  are  G* -adjacent,  but  ak,  aj,  <  t 
k  +  1,  are  not;  with  the  possible  exception  of  at  and  a,  .  If  at  and  a,  are 
G*-adjacent  the  alternating  trail  T  is  closed.  An  arc:  ak  =  (p,q)  of  T  is  called 
forward  if  T  meets  p  before  q;  backward  if  T  meets  q  before  p.  The 
definition  of  an  alternating  trail  T  implies  that  the  direction  of  the  arcs  of  T 
alternates  between  forward  and  backward,  except  for  pairs  ak,  ak+,  that  form 
a  directed  2-cycle  entered  and  exited  by  T  through  the  same  node;  in  which 
case  ak  and  ak+i  are  both  forward  or  both  backward  arcs.  Notice  that  T 
meets  a  node  at  most  twice,  and  the  number  of  arcs  of  T  incident  from 
(incident  to)  any  node  is  at  most  2.  Two  alternating  trails, 


T1  =  ((1,2) ,(3, 2), (3, 4), (4, 3), (5, 3), (5, 6), (6, 5), (6, 7)) 


Ta  =  ((2,1), (2, 4), (3, 4), (3, 2), (5, 2)), 


are  shown  in  Figure  1. 


Let  G[T]  denote  the  subdigraph  of  G  generated  by  T;  i.e.,  G[T]  has  T  as 


its  arc  set,  and  the  endpoints  of  the  arcs  of  T  as  itB  node  set.  Further,  for 


any  v  c  N,  let  degf(v)  and  degy(v)  denote  the  outdegree  and  indegree, 


respectively,  in  G[T],  of  the  node  v. 


The  length  of  an  alternating  trail  is  the  number  of  its  arcs.  An 


alternating  trail  will  be  called  even  if  it  is  of  even  length,  odd  if  it  is  of  odd 


Figure  1 


We  will  be  interested  in  closed  alternating  trails  (CAT’s  for  short)  of  odd 


length.  The  reason  for  this  is  the  following. 


v  v  \iV'*  ‘ ' 


Proportion  2*1.  Thera  is  a  1-1  correspondence  between  odd  CAT* 8  in  G 
and  odd  holes  (chordless  cycles)  in  G*. 

Proof.  Follows  from  the  definitions.! 

It  is  well  known  (see  Padberg  (1973])  that  the  odd  holes  of  an  undirected 
graph  give  rise  to  facets  of  the  vertex  packing  polytope  defined  on  the 
subgraph  generated  by  the  odd  hole,  and  that  these  facets  in  turn  can  be 
lifted  into  facets  of  the  polytope  defined  on  the  entire  graph  (see  section  4 
for  details).  In  order  to  make  the  lifting  procedure  conveniently  applicable  to 
the  particular  vertex  packing  poly  tope  associated  with  G*,  we  need  the 
structural  information  concerning  adjacency  relations  on  G*  that  will  be 
developed  in  this  section. 

Let  T  be  a  CAT  in  G.  A  node  of  G[T]  will  be  called  a  source,  if  it  is  the 
common  tail  of  two  arcs  of  T;  and  a  sink,  if  it  is  the  common  head  of  two  arcs 
of  T.  A  node  of  G[T]  can  thus  be  a  source,  or  a  sink,  or  both,  or  none.  A 
node  of  G[T]  that  is  neither  a  source  nor  a  sink  will  be  called  neutral. 
Several  odd  CAT*s  are  illustrated  in  Figure  2.  The  sources  and  sinks  of 
G[T,  ]  are  nodes  1,  2  and  2,  4,  respectively,  while  3  is  neutral.  G[Ta  ]  has 
three  neutral  nodes,  1,  4  and  6,  while  nodes  2,  3  and  5  are  both  sources  and 
sinks.  G(T,]  has  sources  1  and  4,  sinks  2,  3  and  4,  while  5  is  a  neutral  node. 

Proposition  2.2.  Let  T  be  an  odd  CAT  of  length  t,  with  q  neutral  nodes, 
then 

(6)  1  <  q  <  t/3  and  q  is  odd. 

Proof.  Let  T  =  (a,  ,...,at).  If  q  =  0,  the  arcs  of  T  alternate  between 
forward  and  backward,  and  either  a,  is  forward  and  a*  is  backward,  or  vice 
versa.  But  this  implies  that  T  is  even,  a  contradiction.  Hence  q  >  1. 

Now  suppose  q  >  t/3.  Then  T  has  more  than  2t/3  arcs  incident  with 
neutral  nodes  and  less  than  t/3  arcs  not  incident  with  such  nodes.  Since  T 


(C) 


Figure  2 

has  more  than  t/3  2-cycles  r.nd  less  than  t/3  arcs  left  to  separate  them,  there 
exists  a  pair  of  2-cycles  with  a  common  node.  But  such  a  node  has  indegree 
and  outdegree  greater  than  2  in  T,  contrary  to  the  definition  of  an  alternating 
trail.  Thus  q  <  t/3. 

We  have  seen  above  that  for  q  =  0  T  is  even.  For  arbitrary  q  >  0,  the 
alternating  sequence  of  forward  and  backward  arcs  is  interrupted  q  times  by 
a  repetition  of  type  (forward  or  backward).  Thus  for  q  even,  the  number  of 
repetitions  cancel  out,  and  the  fact  that  aj  and  a^  are  of  opposite  directions 

6 


■akN  for  an  even  T.  For  q  odd,  all  but  one  of  the  repetitions  cancel  out, 
and  T  must  be  odd.| 

Proposition  2.3.  Let  T  be  an  odd  CAT  of  length  t,  with  s  sources,  u  sinks 
and  w  2 -cycles.  Then 

(7)  s  +  u  +  w  =  t. 

Proof.  T  has  2w  arcs  belonging  to  2 -cycles  and  t  -  2w  arcs  not  belonging 
to  2-cycles.  Bvery  arc  of  a  2-cycle  has  either  a  source  for  its  tail  or  a  sink 
for  its  head,  but  not  both.  Bvery  arc  not  belonging  to  a  2-cycle  has  both  a 
source  for  its  tail  and  a  sink  for  its  head.  Hence 
s  +  u  =  lxw  +  2x  (t-2w)/2 
=  t  -  w.| 

In  the  sequel  we  will  denote  by  7  the  family  of  APA’b  in  G. 

Proposition  2.4.  Let  T  be  an  odd  CAT  of  length  t.  Then 

(8)  sax  |S  fl  T|  =  (t-l)/2. 

S«7 

Furthermore,  for  any  pair  of  G*-adjacent  arcs  ak,  ak+,  of  T  (with  t  +  1  = 
1),  there  exists  S  *  7,  with  ak  i  S,  ak+1  t  S,  and  |s  n  T|  s  (t— 1  )/2. 

Proof.  For  any  S  «  7,  S  n  T  contains  no  pair  of  G* -adjacent  arcs.  The 

largest  such  set  clearly  has  cardinality  lt/2J  =  (t— 1  )/2.  Further,  for  any  such 
S  «  7,  |T\S|  =  (t+l)/2,  hence  T  \  S  contains  a  pair  of  G*-adjacent  arcs  of  T; 

and  for  any  pair  ak,  ak+!  of  G* -adjacent  arcs  of  T,  there  exists  S  *  7 

containing  (t-l)/2  arcs  of  T  \  (ak,  ak+1).| 

A  chord  of  a  CAT  T  is  an  arc  a  «  A  \  T  joining  two  nodes  of  G[T].  If  T 
is  odd  and  a  =  (u,v),  a  divides  T  into  two  disjoint  subtrails,  one  odd  (Tt )  and 
one  even  (Ta),  each  of  which  connects  u  to  v.  We  distinguish  between  three 
types  of  chords.  A  chord  (u,v)  is  of 

o  type  1  if  it  joins  a  source  to  a  sink  (i.e.  degf(u)  =  degf(v)  =  2); 


i, 


o  type  2  if  it  joins  a  source  to  a  neutral  node,  or  a  neutral  node  to  a 
sink  (i.e.  degf(u)  +  deg7(v)  =  3)  and  the  even  subtrail  Ta 
connecting  u  to  v  has  its  first  arc  incident  from  u  and  its  last  arc 
incident  to  v; 

o  type  3  in  all  other  cases. 

Figure  3  shows  the  odd  CAT 

T,  =  ((1,2), (3, 2), (3,4), (4,3),  (5,3) (5,6),  (1,6)) 
with  its  chords  of  type  1  (1,3),  (3,6),  (5,2)  in  shaded  lines. 

As  Tj  has  no  chords  of  type  2,  all  other  chords  (not  shown)  are  of  type 
3. 

Figure  4  shows  the  odd  CAT 

T  2  =  ((1,2), (3, 2), (2, 3), (2, 4), (5, 4), (4, 5), (4, 6), (7, 6), (6, 7), (6, 8), (1,8)) 
with  its  chords  of  type  1  in  shaded  lines,  ((1,4),  (1,6),  (2,6),  (2,8),  (4,2),  (4,8), 

(6.2) ,  (6,4)),  and  its  chords  of  type  2  in  checkered  lines  ,  ((1,5),  (2,7),  (3,6), 

(4.3) ,  (5,2),  (5,8),  (6,5)  and  (7,4)).  All  other  chords  (not  shown)  are  of  type  3. 
Finally,  of  the  three  odd  CAT’s  of  figure  2,  T,  has  only  chords  of  type  3; 

whereas  Ta  has  three  chords  of  type  1,  (2,5),  (3,2)  and  (5,3),  and  T3  has  two 
chords  of  type  1,  (1,3)  and  (4,2)*,  all  remaining  chords  are  of  type  3. 

Proposition  2.5.  Let  T  be  an  odd  CAT  of  length  t  and  for  k  =  1,  2,  3,  let 
Ck  be  the  set  of  chords  of  T  of  type  k.  Then 

(t-l)/2  c  e  C,  U  C3 

(9)  max  |S  H  (TU(c})|  = 

St?:czS  (t+l)/2  c  t  C3 

Proof.  Let  c  =  (u,v),  and  let  T  =  T,  U  T2>  where  T,  and  T2  are  the  two 
subtrails  of  T  connecting  u  to  v.  Since  T  is  odd,  we  may  assume  w.l.o.g.  that 
T,  is  odd  and  Ta  is  even. 


If  c  s  Clt  then  c  *  S  implies  that  S  cannot  contain  the  first  and  last  arcs 

of  T,  and  Ta.  Hence  the  maximum  number  of  arcs  of  T,  and  T2  contained  by 

any  such  S  is  (lTil-D/2  and  (|Ta|-2)/2  =  |t2|/2  -  1,  respectively,  and  the 
maximum  of  the  expression  on  the  left-hand  side  of  (9)  is  (|T,  |-l)/2  (arcs  of 
Tx)  +  |T,|/2  -  1  (arcs  of  Ta)  +  1  (the  arc  c)  =  (  It,  |  +  |Ta  |-l)/2  =  (t-l)/2. 

If  c  «  C2,  then  c  e  S  implies  that  S  cannot  contain  the  first  and  the  last 

arc  of  T2  (by  definition  of  C2,  the  last  arc  of  Ta  is  incident  to  v)  and  S 

cannot  contain  both  the  first  and  last  arcs  of  Tt.  Then  the  maximum  number 
of  arcs  of  Ta  contained  by  any  Sc?  that  contains  c  is,  as  in  the  earlier 
case,  |Ta|/2  -  1,  and  the  maximum  number  of  arcs  of  Tj  is  (|T,|-l)/2,  also 
like  in  the  earlier  case.  Thus  the  maximum  of  the  left-hand  side  of  (9)  is 
again  (t-l)/2. 

Finally,  if  c  «  C3,  S  can  contain,  besides  c,  ( |  T a  l  — 1 ) /2  arcs  of  T,  and 
|Ta|/2  arcs  of  Ta,  and  the  maximum  of  the  left-hand  side  of  (9)  is 
(|tJ-1)/2  +  |Ta  |/2  +  1  =  (t+l)/2.  | 

Proposition  2.6.  Let  T  be  an  odd  CAT  of  length  t  and  let  C,  be  the  seL  of 

chords  of  T  of  type  1.  Then 

(10)  max  |S  fl  (TUC,)|  =  (t-l)/2 

StJ 

Proof.  Let  S*  r.  J  be  such  that  |  S*  O  (TUC,)|  =  max  -|  S  H  (TUC,)|. 
W.l.o.g.  we  may  assume  that  for  every  neutral  node  v  of  G[T],  S*  fl  T 
contains  an  arc  incident  with  v.  Indeed,  should  this  not  be  the  case  for  some 
v,  one  can  always  replace  the  arc  of  S*  fl  T  incident  with  the  (unique)  node 
adjacent  in  T  to  v,  with  one  of  the  two  arcs  incident  with  v  in  order  to 
obtain  an  APA  S°  such  that  |  S°  fl  (TUC,)|  =  |  S*  U  (TUC,)|. 

Let  s,  u  and  q  denote  the  number  of  sources,  sinks  and  neutral  nodes, 
respectively,  of  G[T],  and  let  w  stand  for  the  number  of  2-cycles  of  T.  Let 
S*  fl  (TUCi)  =  S,  U  Sa,  where  Si  is  the  set  of  arcs  in  S*  fl  T  incident  with 


a  neutral  node,  and  Sa  =  S*  n  (TUC,)  \  S, .  By  assumption,  |  S,  |  =  q.  Prom 
Proposition  2.3  and  the  fact  that  q  <  w, 


s  +  u  <  t  -  q. 

Every  arc  in  Sa  has  a  source  for  its  tail  and  a  sink  for  its  head;  every 
arc  in  S,  has  either  a  source  for  its  tail  or  a  sink  for  its  head,  but  not  both; 
and  no  two  arcs  in  Si  U  S a  have  a  common  tail  or  a  common  head.  Hence 


Is, 


U  Sa|  <  q 

<  q 


(s+u-q) 

(t-2q) 


or,  since  t  is  odd,  |s*  H  (TUC,)|  (t-l)/2.| 

Proposition  2.7.  Let  G  be  a  complete  digraph.  Let  T  be  an  odd  CAT  of 

length  t,  and  let  Ct  be  the  set  of  chords  of  T  of  type  1.  Then 

(11)  BOX  Is  n  (TUC,  U  {a} )  |  =  (t+l)/2,  *  a  *  A  \  (TUC,) 

SejF 

Proof.  Since  there  exists  S  *  J  such  that  |S  H  (TUC,  )|  s  (t— 1  )/2,  if  a  is 

not  a  chord  then  clearly  there  exists  S  *  3  such  that  |s  M  (TUC,  U{a))|  = 

(t-l)/2  +  1  =  (t+l)/2.  If  a  is  a  chord  of  type  3,  the  existence  of  such  S 

follows  from  Proposition  2.5.  Also,  in  both  cases  (t+l)/2  is  the  maximum  size 

of  S  fl  (TUC,U{a)),  or  else  we  have  a  contradiction  to  Proposition  2.6. 

Now  let  a  e  Ca,  a  =  (u,v).  As  before,  let  T,  and  Ta  be  the  two  subtrails 

of  T  connecting  u  to  v,  with  T,  odd  and  Ta  even.  Let  S  t  J  be  such  that 

a  r.  S  and  |S  H  (TU{a))|  =  (t-l)/2.  Then  S  contains  (t-3)/2  arcs  of  T, 
namely  ( |  T ,  |  —  1 ) /2  arcs  of  T,  and  |Ta|/2  -  1  arcs  of  Ta.  Thus  Ta  has  two 
G  -adjacent  arcs  not  contained  in  S,  say  ak  and  a,,+  ,,  that  have  either  a 

common  tail  or  a  common  head.  Suppose  node  w  is  the  common  tail  of  ak  and 

ak+i,  with  deg|(w)  =  0.  (An  analogous  reasoning  holds  in  case  of  a  common 


head.) 


W.Lo.g.,  ihum  S  contains  ths  arc  of  Tt  incidsnt  from  v,  say  a <  (thars  is 
always  soma  sat  S  with  this  proparty  uon|  thoaa  S  i  ?  such  that  a  •  S  and 
|S  O  T  U  (a) |  s  (t-l)/2).  Sinca  Tt  \  (ai)  is  avan  and  has  (|T»|-3)/2  arcs  in 
S,  at  which  tha  first  and  last  arc  cannot  belong  to  S  (sinca  tha  first  arc  is 
G*-adjacant  to  a  and  tha  last  ona  is  G* -adjacent  to  at),  it  has  two  G* -adjacent 
arcs  not  containad  in  S,  say  a.,  a^H  with  a  coaaon  tail  s  and  degt(s)  -  0,  or 
a  common  haad  s,  and  deg?(s)  =  0.  W.Lo.g.,  suppose  tha  lattar  case  holds. 
Sinca  G  is  complete,  it  has  an  arc  ct  s  (w,x),  and  this  arc  is  a  chord  of  T  of 
typa  1.  Than  S*  :s  S  U  (ci)  is  an  APA  that  contains  (t+l)/2  arcs  of 
T  U  {a,Ci}.  | 

Baaark.  If  G  is  not  complata,  (11)  may  not  hold  for  aoma  a  •  Ca.  It  still 
holds  for  all  a  «  A  \  (TUC,  UC,). 

3.  Facets  of  tha  Nomotoam  Polytopes  P  sad  P* 

Ha  ara  now  ready  to  charact arise  tha  claaa  of  facet  inducing  inequalities 
of  tha  APA  polytope  P  associated  with  odd  CAT's.  He  consider  first  tha  sub¬ 
graph  generated  by  an  odd  CAT. 

As  aantionad  in  Section  2,  P  is  the  Sana  as  tha  vertex  packing  polytope 
defined  on  G*.  Further,  every  odd  CAT  of  G  corresponds  to  an  odd  hole  of 
G*.  It  is  wall  known  (Pad berg  [1973])  that  odd  holes  of  an  undirected  graph 
give  rise  to  facet  inducing  inequalities  for  the  vertex  packing  polyhedron 
defined  on  the  subgraph  generated  by  the  odd  hole.  Nevertheless,  because  of 
its  simplicity  and  its  usefulness  in  subsequent  developments,  we  give  a  direct 
proof  of  this  result  for  our  case. 

For  any  S  £  A,  we  denote  x(S)  =  I(x,j  :  (i,j)«S). 

Proposition  3.1.  Let  T  be  an  odd  CAT  of  length  t,  and  let  P  be  the  APA 
polytope  defined  on  C[T].  Then  the  inequality 


(12)  x(T)  <  (t-l)/2 

defines  a  facet  of  P(G[T]). 


Praaf.  Fra*  Proposition  2.4,  (12)  i*  satisfied  by  all  x  «  P  eer;  Lot 

T  :=  (a,,. ...a*).  Define  x*  *  P(G[T] )  by  x|  =  1  if  i  is  odd  and  1  _  i  ♦, 

i|  :  0  otkarwiae,  and  for  k  s  2,  ....  t,  define  xk  by  x|  =  xjflj,  i  =  1 t,  with  i 

-  1  =  t  for  i  s  1.  Then  the  vectors  xk ,  k  =  1,  ....  t  fora  the  rows  of  a 
circukuit  saitrix  of  order  t  with  (t-H/2  l’s  in  everv  row  (and  every 

coluan),  known  to  be  noosing  ular.  Hence  the  t  points  xk,  k  =  1 .  t,  which 

are  clearly  contained  in  P(G[T])  n  (x  |  x(T)  =  '  t  - 1 )  ''21,  are  affinely  inde¬ 
pendent.  Thus  (12)  defines  a  facet  of  P(G[T]).| 

Corollary  3.2.  The  inequality  (12)  defines  a  facet  of  P*(G[r'. 

Proof.  Since  P*(G(T]'  <  P'GtTl',  the  inequality  (12)  is  valid  fm 
P*'G[T]'.  Since  P*(GfT;)  is  full  diaansional,  12)  does  not  define  an  in 
proper  face.  Finally,  each  of  the  t  affinely  independent  points  xk  <  P  G]T' 
used  in  the  proof  of  Proposition  3.1  is  a  point  of  P*(G[T]',  ,  i.e.  an  im  i 
dance  vector  of  a  partial  tour.  Thun  (12)  defines  a  facet  of  P*(G[T'>'.| 

Next  we  will  "lift"  the  inequality  (12)  to  identify  inequalities  of  the 

fore 

1 13)  x(T)  *  K-.jX.j  :  (i.j)«A\r  _  't-1'  2 

that  dafine  facets  of  P.  It  is  s  well-known  result  in  cixsb  mat  or  1  a  1  optiai-a 
tion  see  Padberg  '1973],  Newhauser  and  Trotter  1974],  Balas  and  7e»e' 
r1984])  that  if  (12)  defines  a  facet  of  P'GfT]1,  there  exist  integers 
*tj«  i,j  «  A  \  T,  such  that  (13)  defines  a  facet  of  P.  Furthereore, 
for  any  ordering  (i(l),j(l)',  ....  ' i(p),j(p)'  of  the  arc  set  i  T.  th^rc 
exists  such  a  not  necessarily  distinct  facet  defining  inequality,  whose 
coefficients  j  can  be  obtained  by  solving  a  sequence  >f  int.-R-r  j>r  ogi  ant. 
To  be  store  specific,  if  for  k  =  1,  ....  p,  G*  -  ( N  h  ,A ,,  )  is  the  graph  ..nsinting 

13 


(i(k),j(k)))  and  their  endpoints,  the 


of  the  arcs  in  T  ll  ((i(l)J(l)).  .... 
coefficients  of  (13)  are  obtained  by  setting,  for  k  =  1,  p, 


(14) 

where 


1 1  ( n )  j  ( n )  =  f  1  •  /2  -  7. ,  (  „  )  j  ( fc ) , 


•ax  I 

Xi  j 

(i.j)  •  Ah  \ 

I'x, 

J  : 

fcf i )  <  1 

Ifx, 

J  : 

i*r 

_  l 

'k),  -* 

0. 

j  * 

•Kk):  xtJ/kx 

x,j  t 

ro. 

1) 

,  (i.j)  t  Ah , 

i  »  Nk  \  r  i  (k' 1 


and  where  rk(i)  and  rk*(i)  are  the  aets  of  succeaaors  and  predecessors, 
respectively,  of  node  i  in  Gk. 

It  follows  from  the  above  definition  of  the  lifting  coefficients,  that  in 

comparing  two  inequalities  of  the  form  (13),  say  (13),  with  coefficients  <\]j, 

nml  13  .  with  coefficients  «!,,  for  anv  given  arc  i  ,  j  •.»<•  hav<>  !  , 

J  *  »  * J  t 

“f  ,  if  the  rank  of  i  ,j  in  the  sequence  associated  with  13',  is  lower 
than  in  the  sequence  associated  with  (13) ,.  So  a  given  coefficient  has  the 
highest  value  it  the  corresponding  variable  is  lifted  first,  and  the  lowest 
value  if  it  is  lifted  last. 

Theorem  3.3.  Let  G  =  (N,A)  be  a  complete  digraph.  Let  T  be  an  odd  CAT 
of  length  t,  and  let  C,  be  the  set  of  chords  of  T  of  type  1.  Then  the 
inequality 

(1C)  x(T  1  T,)  <  (t-l)/2 

d< Tines  n  focet  of  the  AT  A  poly tope  P  and  the  MTS  poly tope  P*. 

Proof.  We  lift  the  inequality  (12)  by  taking  the  arcs  of  A  \  T  in  any 
order  such  that  all  arcs  in  C,  precede  all  arcs  in  A  \  (TUC,).  let  c,  = 
(i(l),j(D)  be  the  arc  in  C,  whose  variable  is  lifted  first.  Then  the  maximum  of 

th<-  integer  program  (15)  is  7. ,  ( , )  ( , )  =  (t-3)/2,  since  from  Proposition  2.5 
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■ax  ISHTl  =  hx  |S  tl  (TU'C|})|  -  1  =  (t-3)/2. 

S*J: c,  «S  S*J:c,rS 

Thua  =  (t-l)/2  -  z,('«)j(«)  =  1. 

Wa  claim  that  «,(,,)j(k)  =  1.  k  =  1,  ....  m,  where  f ( id ),j(l >),  ....  ( i( m ) , j ( m ) ) J 
=  C,.  Suppoae  the  claim  ia  true  for  k  =  1,  *  -  1,  and  let  k  =  I  >  2.  From 

Propoeitiona  2.5  and  2.6, 

max(|S  n  (TU{(i(l),j(l)),  :  (i(*),j (I))  *  S)  =  (t-1  )/2 

hence 

*i(Oj(0  =  max  {|S  n  (TU  (i(l).j(l) . (i(«-l),j{l-l))|  :  (i(«),j(«))  *  5) 

=  (t-3)/2 

and  thua  -  (t-l)/2  -  =  1,  which  proves  the  claim.  Thus  the 

lifting  coefficients  of  all  variables  corresponding  to  arcs  of  C ,  are  equal  to  1 . 

Consider  now  the  coefficient  of  the  variable  associated  with  some  ir<- 
a  *  A  \  (TUCj)  that  ia  lifted  firmt  after  the  variables  corresponding  to  ru¬ 
in  C,.  Let  a  =  (i(ra+l),j(m+l)).  Since  G  is  complete,  from  Proposition  I!."  *.■ 
have 

max  (|S  H  (TU((i(l),j(l)),  ....  (i(m-H),j(m+l)  I  :  (i(a»+ll,j(m+ll )  -  S 1 

=  (t+l)/2 
and  thus 

z\ («+i )  j(m+i )  =  roax{|S  n  (TU  {(i(l),j(l)),  (i(m),j(m))|  : 

(i(m+l)tj(m+l))  t  S) 

=  (t+11/2  -  1  =  (t-l)/2. 

Therefore  <*,  (m+i )  j(m+, )  =  (t-l)/2  -  z.U+OjU+O  =  0-  Since  the  van;,!’- 
associated  with  the  arc  a  has  a  coefficient  of  0  when  it  is  first  in  the  lift;:-,* 
sequence  (among  the  arcs  in  A  \  (TUC,)),  it  has  a  coefficient  of  0  also  wh,  n 
it  is  in  any  subsequent  position  in  the  sequence. 

This  proves  that  the  lifting  coefficients  of  the  arcs  a  >  A  \  T  art-,  for  m  , 
lifting  sequence  that  puts  all  arcs  in  C,  before  all  arcs  in  A  \  IT'ir,], 
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1  a  *  Ci 

«•  * 

l  0  a  •  A  \  (TIJC,) 

which  proeaa  that  (16)  defines  a  facat  of  P  and  of  P*.| 

Tha  arc  aata  cor raa ponding  to  tha  support  (La.  tha  sat  of  positiva 
coefficients)  of  aach  inequality  (16)  in  tha  digraphs  with  4,  5  and  6  vertices 
are  shown  (up  to  isomorphism)  in  Figures  5  and  6,  with  tha  arcs  of  T  and  C, 
shown  in  solid  and  shaded  lines,  respectively.  Tha  number  of  such 
inequalities  is  24  for  a  graph  cn  four  nodes,  360  for  a  graph  on  five  nodes, 
and  3,360  for  a  graph  on  six  nodes. 

It  is  aasy  to  establish  tha  ChvataJ  ran  Jr  of  tha  inequalities  (16).  Chvatal’s 
{ 1973a]  procedure  for  generating  all  tha  inequalities  valid  for  a  polyhedron 
defined  aa  tha  convex  hull  of  integer  points  satisfying  a  given  sat  of  linear 
inequalities  Ax  <  b  consists  of  recursively  applying  the  following  step:  take 
all  undoarinated  positive  linear  combinations  of  the  inequalities  of  the  current 
system  and  add  the  resulting  inequalities  to  the  syatem  after  rounding  down 
all  coefficients  to  the  nearest  integer.  The  initial  syetem  Ax  <  b  is  aaid  to 
have  rank  0,  while  the  inequalities  obtained  in  the  first  step  of  the  recursion 
have  rank  1. 

Remark  3.4.  The  inequalities  (16)  have  Chvatal  rank  1. 

Proof.  Inch  inequality  (16)  associated  with  an  odd  CAT  T  can  be  obtained 
by  adding  the  equations  (2)  associated  with  each  source  and  aach  aink  of 
Q(T],  end  the  inequalities  associated  with  each  two-cycle  of  G(T);  then  dividing 
by  two  the  resulting  inequality  and  rounding  down  all  coafficients  to  the 

nearest  integar.l 

The  inequalities  (16)  can  be  expressed  in  an  equivalent  form  aa  ">" 
inequalities  with  all  lefthand-eide  coefficients  equal  to  0  or  \.  Indeed,  let  S 
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be  the  ut  of  arcs  whoa*  tail  ia  a  source  of  G[T],  let  U  be  the  set  of  arcs 
whoae  head  is  a  sink  of  G[T],  and  let  W  be  the  set  of  arcs  contained  in  a 
two-cycle  of  T. 

Theorss  3.4.  A  vector  x  #  Pj(A)  satisfies  (16)  if  and  only  if  it  satisfies 
(16’)  x(SUU\W)  >  ^(t+1)  -  q. 

Proof.  Subtracting  from  (16)  the  equations  (2)  corresponding  to  every 
eource  and  every  sink  of  G(T]|  and  multiplying  the  resulting  inequality  by  -  1 
yields  (16*). | 

There  are  momm  inequalities  other  than  the  family  (16)  that  can  be 
obtained  by  lifting  the  inequality  (12),  but  their  description  ia  more 
cumbersooM.  The  following  rules  apply  to  all  facet  defining  inequalities  (for 
P  and  P*)  obtained  by  sequential  lifting  from  (12).  As  before,  for  k  = 
1,  2,  3,  let  Ck  be  the  set  of  chorda  of  type  k. 

•  All  variables  corresponding  to  chords  in  C,  U  C,  get  a  coefficient 
of  0  or  1,  snd  all  remaining  variables  get  a  coefficient  of  0, 
irrespective  of  the  lifting  sequence. 

•  If  all  varieblee  corresponding  to  chorda  in  C,  are  lifted  before  all 
others,  then  all  variables  correspond ing  to  chords  in  Ct  get  a 
coefficient  of  1  and  all  remaining  variables  get  a  coefficient  of  0 
(this  is  the  faaily  (16)). 

•  If  a  variable  correspond! ng  to  a  chord  (i,j)  *  C,  is  lifted  first,  it 
gets  a  coefficient  of  1;  but  than  the  variables  corresponding  to 
certain  chords  in  C,t  whose  identity  depends  oo  (i.j),  get  a 
coefficient  of  0,  ae  do  all  the  variables  correspond i ng  to  arcs  in 


|"(T)|  -  5 


|T |  -  7,  |c,|  -  2 


4.  Facets  of  the  Polytopes  P  and  P* 


Theorem  4.1.  For  n  >.  6  and  any  odd  CAT  T  in  the  complete  digraph  G, 
the  inequality  (16)  defines  a  facet  of  the  AA  polytope  P. 

Proof.  Let 

F  :=  P  n  (x  |  x(TUC\)  =  (t— 1)/2). 

We  will  show  that  F  is  a  facet  of  P  by  proving  that  dim  F  =  dim  P  -  1. 
This  in  turn  will  be  accomplished  by  showing  that  for  any  linear  inequality  ax 
<  a0  satisfied  by  all  x  t  P  and  satisfied  with  equality  by  all  x  t  F,  the 
equation  <xx  :  a,  is  a  linear  combination  of  the  equations  (2)  and  x(TUC,)  = 
(t-l)/2. 


W.l.o.g.,  assume  the  nodes  of  G  to  be  numbered  so  that  n  -  1  is  not  a 
source  and  n  is  not  a  sink  of  G[T].  Such  a  pair  always  exists.  Define 


(17) 


X,  = 

f“ln 

| 

i  -  1,  ....  n 

-  1 

lo 

i  =  n 

Mj  = 

fa"-‘ , J 

j  =  1.  .  •  • ,  n 

-  2,  n 

io 

j  =  n  -  1  . 

show 

that  there 

exists  a  scalar  tt0, 

which  together 

X,,  Mj  satisfies 
(18) 


'  i 


fX,  +  Pj  if  (i.j)  t  T  U  C, 

lx(  +  +  7T0  if  (i.j)  t  T  U  C, 

and 

•19)  «o  =  Z(X,  :  ieN;  *  £(Pj  :  j*N)  +  ( (t-1  )/2)tt0  . 

For  (i.j)  i  T  U  C,,  we  have  to  show  that 
18*) 


°>t  J  =  Xl  +  Mj 


ain  +  “(i- 1  ,  J 


n- l , n ' 
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This  is  obviously  true  for  i=n-l,  jeN-(n-l)  and  for  i  *  N  -  {n},  j 
=  n.  For  i  ^  n  -  1,  j  i-  n,  i  f  j,  consider  x  *  F  such  that  x<  j  =  x„_ltn  =  1 
and  x„j  -  *j,n-i  =  0*  For  n  >  6  such  x  always  exists.  Define  x  by  xj'j  = 
J^_i|n  =  0*  *tn  =  f j  -  lt  xj|  =  xk<  for  all  other  k,  t.  Then  x'  is  an 

asymmetric  assignment  and  x'fTUCJ  =  (t-l)/2;  i.e.  x’  t  F.  By  assumption,  ax 
=  ax’  =  «0,  hence 

ax  -  ax’  =  a,  j  +  an„1>n  -  ain  -  «n-i,j  =  0, 
i.e.  (18')  holds. 

For  (i,j)  «  T  U  Cx,  define 

(20)  Wjj  -  a4j  -  X,  -  pj. 

We  will  show  that  the  n,  j  are  all  equal. 

Let  (i,j)  *  T  U  Cj  be  such  that  i  is  a  source  and  j  is  a  sink  of  G[T1,  and 

there  exists  a  node  v  of  G[T]t  i  t  v  f  j,  that  is  both  a  source  and  a  sink. 

Such  (i,j)  always  exists.  For  every  sink  <  of  G[T],  I  f  i,  j,  choose  some 
k  f  i,  j,  t  such  that  (k,<)  i  T  U  Cu  (k,j)  i  T  U  C,  (such  k  obviously 

exists).  Since  i  is  a  source  and  I  is  a  sink  of  G[T],  (i,t)  «  T  U  Now 

consider  x  e  F  such  that  xi  j  =  xki  =  1  and  Xjk  =  xi,  =0.  Define  x'  by  xj'j  = 
xj*  =  0,  x1'<  =  xjj  =  1,  and  x^'g  =  xrs  for  all  other  r,  s.  Then  x'  e  F,  hence  ax 
z  ax'  =  a0  and  thus 

(21)  a,j  +  ak<  =  a(<  +  akJ. 

Similarly  for  every  source  p  of  G[T],  p  t  i,  j,  choose  some  q  t  i,  j,  p  such 

that  (p,q)  /  T  U  Clt  (i,q)  /  T  U  Cj  (such  q  always  exists).  Since  p  is  a 

source  and  j  is  a  sink  of  G[T],  (p,j)  e  T  U  C,*  Consider  now  x  t  F  such  that 

x,  j  =  Xpq  =  1,  Xjp  =  xq,  =  0.  Define  x’  by  x,'j  =  Xp’q  =  0,  x,'q  -  x£j  =  1,  and  x^3 

-  lfr.  for  all  other  r,  s.  Then  x'  *  F,  «x  =  ax',  and  thus 


Substituting  into  (21)  the  expression  from  (20)  for  a,  j  and  a,|,  and  the 
expression  from  (18)  for  akj  and  aid,  we  obtain 

+  X,  +  +  Xk  +  p*  z  itig  +  >,  +  +  Xk  +  pj, 

or  w,j  =  n,|. 

Similarly,  substituting  into  (22)  the  expression  from  (20)  for  a(J 
and  apj,  and  the  expression  from  (18)  for  a)q  and  apq,  we  get 
"«J  +  X,  ♦  pj  ♦  Xp  +  pq  =  npq  +  Xp  +  ♦  X,  ♦  pq, 

or  it|j  r  wpj»  Thus  =  n,|  for  every  sink  *  of  G[T]  and  n,  j  =  npj  for 
every  source  p  of  G[T];  and  since  G[T]  has  a  node  v  t  i,  j  that  is  both  a 
source  and  a  sink,  it  follows  that  *r)w  =  nvj  .  Hence  all  n(  j,  (i,j)  >  T  U  Cj  , 
are  equal  to  some  na  ,  and  thus  (18)  holds. 

Finally,  since  every  x  t  F  has  exactly  (t— 1  )/2  positive 
components  xtj  with  (i,j)  *  T  U  C, ,  and  exactly  one  positive  component  xt  j 
for  every  i  «  N  and  every  j  t  N,  substituting  into  ax  =  a„  the  expression  for 
a,j  given  by  (18)  yields 

«o  =  I  (*|+Mj+Tr0)xt  ,  +  I  (Xt+Pj)x|  j 

(i,j)«TuC,  (i,j)*TuC, 

=  I(*i  :  i*N)  +  I(pj  :  jeN)  +  ((t-l)/2)Ti0 
which  is  (19). | 

Theorem  4.2.  For  n  ^  10  and  any  odd  CAT  T  incident  with  at  least  R  and 
at  most  n  -  2  nodes,  the  inequality  (16)  defines  a  facet  of  the  TS  poly  tope  P*. 

Proof.  Our  proof  will  parallel  that  of  Theorem  4.1,  the  main  difference 
being  that  while  interchanging  a  pair  of  appropriate  indices  in  an  assignment 
produces  another  assignment,  only  a  triple  interchange  can  get  one  from  a 
given  tour  to  another  tour. 

Let 

F*  :=  P*  fl  (x  |  x(TUC1)  =  (t-l)/2). 


We  will  show  that  dim  F*  =  dim  P*  -  1  by  proving  that  if  otx  <  ct0  for  all 
x  *  P*  and  «x  =  a0  for  all  x  e  F*,  then  «x  :  «0  is  a  linear  combination  of  (2) 
and  x(TUC,)  =  (t-l)/2. 

W.l.o.g.,  assume  that  nodes  n  -  1  and  n  are  not  incident  with  T,  and 
define  Xt,  jij  by  (17).  As  in  the  proof  of  Theorem  4.1,  we  will  show  the 
existence  of  a  scalar  tt0  which  together  with  these  Xj(  ^  j ,  satisfies  the 
relations  (18)  and  (19). 

For  (i,j)  /  T  U  Ci,  we  have  to  show  (18*),  which  is  obviously  true  for  i  = 
n  -  1,  j  t  N  -  (n  -  1),  and  for  i  t  N  -  (n),  j  =  n.  For  i  f  n  -  1,  j  n,  i  t  j, 

let  k,  i  and  p  be  distinct  nodes,  other  than  i,  j,  n  -  1  and  n,  such  that  none 

of  the  arcs  (k,<),  (p,<),  (p,j)  belong  to  T  U  Cj .  Consider  x,  x  *  F*  such  that 

xk|  =  xpj  =  xn-i,n  =  xk<  -  xpj  =  x,n  =  1»  anc^  ihe  tour  defined  by  x  (by  x) 

traverses  the  arc  (k,<)  after  (p,j)  and  before  (n-l,n)  (before  i,n)).  Since  G(T] 
has  t  nodes,  with  8  <  r  _<  n  -  2,  such  tours  always  exist  (see  Figure  7  for  an 
illustration).  Now  define  x’  and  x*  by  \t  =  V-i,n  =  0*  \n  =  -  ^-i,j 

=  1,  \s  -  xrs  for  all  other  r,  s;  and  =  x,’n  =  0,  =  x^t  =  x,’j  =  1, 

iCs  =  xrs  for  aH  other  r,  s.  Then  x  ,  "x  define  tours,  each  of  which  has  the 

ft  X 

same  number  of  arcs  in  T  U  Ct  as  x  and  x',  hence  x  ,  x  t  F  .  By  assumption, 

we  then  have  «x  =  «0  =  ax’  and  otx  =  «0  =  ax.  Thus 

ax  -  ax’  =  ok<  +  ctpj  +  «n_,|T1  -  «kn  -  apt  -  =  0  , 

«X  -  ax’  =  akt  +  otp  j  +  0t|n  -  0tkn  -  0tp|  -  ot ,  j  =  0  , 

and  subtracting  the  two  equations  yields 

a ,  .  -  <xirt  +  oc__ *  4  .  _ 

1  j  in  n—  i ,  j  n— i  tn 

as  required  by  (18*). 

For  (i,j)  t  T  U  Cj,  we  introduce  multipliers  7T,j  defined  as  in  (20),  and 
then  show  that  they  are  all  equal  to  some  rr0.  For  this  purpose,  let 
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(i.j)  *  T  U  C, 
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arcs  of  T  U  Cj  in  the  tour 
arcs  of  the  tour  not  in  T  U  C, 
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Figure  7b 


(i,j)  *  T  U  Ct  be  such  that  i  is  a  source  and  j  is  a  sink  of  G[T],  and  there 
exists  a  node  v  of  G[T],  i  t  v  f  j,  that  is  both  a  source  and  a  sink. 

For  every  sink  q  of  G[T],  q  t  i,  j,  choose  a  pair  of  arcs  k,  t,  distinct 
from  i,  j,  q,  n  -  1  and  n,  such  that  <  is  a  source  and  (k,j)  i  T  U  Cl. 
Consider  x,  x  £  F*  such  that  xn„1|n  =  xkj  =  x|q  =  1,  xn_1>n  =  xkj  =  x(q  =  1, 
and  the  tour  defined  by  x  (by  x)  traverses  (n-l,n)  after  (k,j)  and  before  (*,q) 


(before  (i,q)).  Such  x,  x  always  exist  (see  Figure  8  for  an  illustration).  Now 
define  x’  and  x  by  =  xjj  =  x<q  =  0  ,  Xn_iiq  =  *kn  =  *<j  =  1*  *rs  =  xrS  for 

all  other  r,  sj  and  xn_j>n  -  Xj<j  =  Xj  q  -  0,  itq  -  JCjj n  —  x^  j  —  1 »  -  xrs  for 

all  other  r,  s.  Then  x’  and  x*  are  tours.  Furthermore,  since  T  U  C,  contains 


exactly  one  of  the  arcs  (n-l,n),  (k,j),  (*,q)  (namely  (t,q),  since  *  is  a  source 
and  q  is  a  sink  of  G[T])  and  exactly  one  of  the  arcs  (n-l,q),  (k,n)  and  (*,j) 
(namely  (I, j)),  the  tours  defined  by  x  and  x’  contain  the  same  number  of  arcs 
of  T  U  Similarly,  since  T  U  C,  contains  exactly  one  of  the  three  arcs 

(n-l,n),  (k,j),  (i,q)  (namely  (i,q)),  and  exactly  one  of  the  arcs  (n-l,q)  (k,n), 
(i,j)  (namely  (i, j ) ) ,  the  tours  defined  by  x  and  x’  contain  the  same  number  of 
arcs  of  T  U  Cj.  Hence  x',  x’  e  F*  and  «x  =  ax’  =  a0  =  «x  =  ax’.  Thus 

“n-l,!!  akj  "*■  01  ^  q  “  nn-i,q  -  Rkn  -  ~  ®  ' 

an-l,n  +  “kj  +  “iq  “  "n-l,q  “  "kn  ~  a i j  =  0  * 

and  subtracting  the  two  equations  yields 

(23)  <*fJ  +  ««q  =  <*iq  +  «<j. 

Similarly,  for  every  source  p  of  G[T],  p  f  i,  j,  one  can  choose  a  pair  of 
nodes  h,  m,  distinct  from  i,  j,  p,  n  -  1  and  n,  such  that  m  is  a  sink  and 
(i,h)  i  T  U  Ct.  Consider  x,  x  e  F*  such  that  xn_,f„  =  x,  h  =  xpm  =  1,  xn_,tn 
=  x,h  =  xpj  =  1,  and  the  tour  defined  by  x  (by  x)  traverses  (i,h)  after  (n-l,n) 
and  before  (p,m)  (before  (p,j)).  Now  define  x’  by  =  x,’,,  =  =  0, 

=  Xj  ffl  =  Xpn  =  1,  XrS  =  xrs  for  all  other  r,  s;  and  x’  by  =  x,’h  =  %  j  = 


(i.j)  *  T  U  c, 
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Figure  8a 


arcs  of  T  not  in  the  tour 
arcs  of  T  *J  C,  in  the  tour 
arcs  of  the  tour  not  in  T  1  1 


j)  «  T  U  C, 


y  - 


i  ,  <1. c ,  b  ,  a,  I , k  ,  } ,  n  !  , 


0,  j  =  ~  1,  5^,  =  Ir,  for  all  othar  r,  a.  Then  x’  and  x’  are 

tours,  and  since  (p,j)  *  T  U  C,,  (i,m)  *  T  U  C,  (as  p  and  i  are  sources  and  j 
and  a  are  sinks  of  G(T]),  the  tours  defined  by  x  and  x’,  contain  the  same 


arcs  in  T 

U 

C|. 

Thus  x',  I*  t 

F*  and 

n  —  1  ,n  *  *  i  h 

♦ 

”  ®n—  i  ,h  ”  ®  t  m 

-  «p„  = 

0  , 

n—  i  ,«  ^  ®lh 

♦ 

aPJ 

~  as-l,h  -  *1 J 

“P"  = 

0  . 

Subtracting  the  last  two  equations  then  yields 
(24)  * i j  ♦  ♦  «(»• 

Then  substituting  into  (23)  and  (24)  the  expression  from  (20)  for  «rs  such 
that  (r,s)  i  T  U  C,  and  the  expression  from  (18)  for  <xrs  such  that 
(r,s)  t  T  U  C,  yields  s,  j  =  for  every  sink  q  of  G[T],  and  w,j  =  npj  for 
every  source  p  of  G(T).  Since  G[T]  has  a  node  v  t  i,  j  that  is  both  a  source 
and  a  sink  of  G[T],  it  follows  that  nk|  =  n0  for  all  (k,<)  t  T  U  C,  and  thus 
(18)  holds. 


Finally,  substituting  into  ex  =  <*„  the  expreeaion  for  given  by  (IB) 

yields  (19).| 

The  pairs  of  tours  x,  x*  and  1,  l’  used  in  the  proof  of  Theorem  4.2  are 
illustrated  in  Figure  7  for  (i,j)  i  T  U  C,  and  in  Figure  8  for  (i,j)  t  T  U  C,. 

5.  Halation  to  Bsurlior  Work 

Several  claasea  of  valid,  and  sometimes  facet  defining,  inequalities  for  the 
traveling  salesman  polytope  on  a  directed  graph  are  known.  For  a  thorough 
survey  of  the  relevant  literature  see  Grtttschel  and  Padberg  [1985]. 

First,  if 

F(« .  jy  .  j  ■  (i.j)'E)  < 


is  a  valid  inequality  for  the  TS  polytope  on  an  undirected  graph,  then 


is  •  valid  inequality  for  tha  TS  poly  to  pa  on  tha  corresponding  directed  graph. 
Thus  the  various  classes  of  facet  defining  inequalities  for  the  TS  polytope  on 
an  undirected  graph,  like  the  subtour  eliminations  inequalities  (Dantzig, 
Fulkerson  and  Johnson  [1954]),  the  comb  inequalities  (Chvatal  [1973b], 
GrAtschel  and  Padberg  [1979]),  the  clique  tree  inequalities  (Gr&tschel  and 
Pulleyblank  [1985])  have  their  correspondents  as  valid  inequalities  for  the  TS 
polytope  on  a  directed  graph.  Whether  or  not  these  inequalities  are  facet 
defining  has  not  yet  been  elucidated  for  every  class.  The  subtour  elimination 
inequalities  are  facet  defining  for  P*  for  n  >  5  and  all  subtours  of  length 
I,  2  <  «  <  n  -  2; 

the  cosdb  inequalities  are  facet  defining  for  P*  for  n  >_  6,  but  whether  they 
are  facet  defining  for  P*  is  an  open  question  (except  if  n  =  6  or  7,  in  which 
case  they  are  not).  As  to  the  more  general  clique  tree  inequalities,  it  is  not 
known  at  this  point  whether  they  are  facet  defining  for  either  P*  or  P*. 

All  the  above  classes  share  the  feature  that  the  inequalities  belonging  to 
them  are  symmetric  in  the  sense  that  an  arc  (i,j)  belongs  to  the  support  of 
such  an  inequality  if  and  only  if  (j,i)  does.  The  inequalities  associated  with 
odd  CAT's  do  not  have  this  property,  except  for  some  special  cases;  so  they 
are  distinct  from  each  of  the  above  classes.  As  to  those  special  cases,  they 
arise  when  a  subset  of  T  together  with  the  chords  of  type  1  form  a  complete 
digraph;  in  which  case  this  complete  digraph  becomes  the  handle  of  a  comb, 
whose  teeth  are  the  directed  2-cycles  of  T.  Such  is  the  case,  for  instance, 
with  the  odd  CAT  of  length  7  shown  in  Figure  6  (c).  More  generally,  all  comb 
inequsditiea  corresponding  to  combs  whose  handle  H  and  teeth  T(,  i  =  1,  ...,  k 
satisfy 
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<i)  |T|  |  »  2.  i  =  1 . k 


k 

(ii)  I  «  (  u  T,) 
i=l 

are  special  caaea  of  odd  CAT  inequalities  and  thus,  from  Theorem  4.2,  for  |h| 
>  6  and  n  >  12  they  dafina  facata  of  P*. 

Savaral  classes  of  aayaaairic  valid  inaqualiiiaa  for  the  TS  poly  lope  on  a 
digraph  have  bean  identified  by  Grdtechsl  [1977]  and  Gr&tachel  and 
Wakabayashi  [1981  a,  b].  Some  of  thaaa  are  derived  by  lifting  the  (weak) 
aubtour  elimination  inequalitiee.  Aa  the  aupport  of  each  auch  inequality 
contain  a  a  aubtour,  the  odd  CAT  inequalitiea,  whoae  aupport  contain*  no 
aubtour  except  for  aoam  apacial  caeea,  are  obvioualy  diatinct  from  thia  claaa. 
Other  claaaaa  are  aaaociated  with  hypohaailtonian  and  hypoaaaihaaiiltonian 
grapha;  again,  thaaa  do  not  subauam  the  odd  CAT  inaqualitiaa.  Finally,  the 
claaa  of  ao-called  Th -inequalities  (Grfltachal  [1977])  overlap  with  the  odd  CAT 
inaqualitiaa  for  k  =  2,  in  that  the  T,- inequality  ia  praciaaly  the  odd  CAT 
inequality  on  four  nodaa  depicted  in  Figure  5. 

6.  Conclusion 

We  have  given  a  partial  linear  deecription  of  the  asymmetric  assignment 
polytope  P  defined  on  a  digraph  G,  by  identifying  a  family  of  valid 
inequalitiea  aaaociated  with  odd  closed  alternating  trails  of  G.  These 
inequalities  are  facet  defining  for  P,  and  for  sufficiently  large  graphs  and 
sufficiently  long  trails,  they  are  also  facet  defining  for  the  traveling  salesman 
polytope  P*  on  G. 

It  is  to  be  expected  that  these  inequalities  will  provide  improved  bounds 
and  enhanced  solution  procedures  for  the  asymmetric  TSP  when  used  as 
cutting  planes  either  in  the  context  of  a  pivoting  algorithm  like  that  of 
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GrAUchal  and  Padberg  [1965],  or  in  tha  context  of  a  Lag rangeen- baaed 
algorithm  that  takaa  tha  cuta  in  tha  objective  function  with  appropriate 
multipliers,  like  that  of  Balaa  and  Chriatofidaa  [1981]. 
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,  M.  «MTN«CT  fCylln  mm  mmwmmm  MM  (I  MkMMf  M  IMwrify  w  M*«*  ■■«»») 

As  asslgnsMint  (spanning  union  of  node  disjoint  dicycles)  in  a  directed 
graph  is  celled  asymmetric  if  it  contains  at -moat  one  arc  of  each  pair  (i,j), 
(J,i)  We  deacrlbe  a  claaa  of  facets  for  the  asymmetric  assignment  polytope, 
associated  with  certain  odd  length  cloaed  alternating  trails  The  inequalities 
defining  t^ese  facets  are  also  facet  defining  for  the  traveling  salesman 
polytope  on  the  same  digraph  Furthermore,  this  class  of  facets  is  distinct 
from  each  of  the  classes  identified  earlier. 
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